Abstract. We study right exact tensor products on the category of finitely presented functors. As our main technical tool, we use a multilinear version of the universal property of so-called Freyd categories. Furthermore, we compare our constructions with the Day convolution of arbitrary functors. Our results are stated in a constructive way and give a unified approach for the implementation of tensor products in various contexts.
Introduction
Let A be a small additive category. In this paper, we study right exact tensor products on the category fppA op , Abq of finitely presented functors A op Ñ Ab with natural transformations as morphisms, where Ab denotes the category of abelian groups. As our main computational tool, we use the so-called Freyd category [Fre66] , [Bel00] ApAq, that comes with a functor A Ñ ApAq which is universal among all functors from A mapping into a category with cokernels. There is an equivalence ApAq » fppA op , Abq which allows us to state all results on finitely presented functors in the language of Freyd categories. We prefer to use the language of Freyd categories in this paper due to its inherent constructiveness [Pos17] .
In Section 2, we give a short introduction to the theory of Freyd categories. After that, we prove a multilinear 2-categorical version of their universal property in Theorem 2.3.1, which will turn out to be our main technical tool in this paper.
In Section 3, we introduce the notion of finitely presented promonoidal structures on A, and show how they can be extended to right exact monoidal structures on ApAq. In short, finitely presented promonoidal structures can be seen as restrictions of right exact monoidal structures on ApAq to the subcategory A Ď ApAq. At this point, the proofs for checking the monoidal identities like the pentagon identity can be carried out quite conveniently due to our multilinear version of the universal property of Freyd categories.
Originally, promonoidal structures on additive categories were introduced by Brian Day in [Day70] and [Day74] . He showed that promonoidal structures give rise to closed monoidal structures on the category HompA, Abq of all additive functors A Ñ Ab. Since ApA op q » fppA, Abq Ď HompA, Abq, in Section 4 we discuss how our construction can be seen as a restriction of the so-called Day convolution of arbitrary functors to finitely presented ones (Theorem 4.2.1).
As applications of the theory presented in this paper, we show how our findings can be used to induce right exact tensor products on iterated Freyd categories, and in particular on free abelian categories, a topic that is also treated in [BHP18] .
Since the derivation of monoidal structures on ApAq from finitely presented promonoidal structures on A is completely constructive, we complete this paper by presenting the corresponding constructions explicitly. In particular, this provides a computationally unified approach to tensor products of f. p. modules and f. p. graded modules, that can both be interpreted as special instances of categories of f. p. functors [Pos17] . A computer implementation of the special case where the promonoidal structure on A is actually monoidal is realized within the CAP-project, a software project for constructive category theory [GSP18] , [GP19] , [GPS18] , as an own package for Freyd categories [BP19] .
Convention. In this paper, Ab denotes the category of abelian groups. For the precomposition of two morphisms α : a Ñ b, β : b Ñ c, we write α¨β, for their postcomposition, we write β˝α. Morphisms between direct sums are written in matrix notation, where we use the row convention, e.g., a morphism a Ñ b ' c is written as a 1ˆ2 row`γ δ˘with entries given by morphisms γ : a Ñ b, δ : a Ñ c.
Freyd categories and their universal property
The Freyd category ApAq of an additive category A is a universal way of equipping A with cokernels. In this section, we give an introduction to the theory of Freyd categories and prove how we can lift multilinear functors and natural transformations from A to ApAq. ÐÝ r 1 q, we define it to be equal in ApPq to tαu if there exists a λ : a Ñ r 1 such that
Any such λ is called a witness for α and α 1 being equal. (3) Composition, identities, and the additive structure are inherited from A. Notation 2.1.2. We will usually refer to objects in A by small letters a, b, c, . . . and to objects in ApAq by capital letters A, B, C, . . . . Moreover, whenever we want to access the underlying morphism datum of a variable representing an object in ApAq, we use the notation A " pa
Remark 2.1.3 (Implicit embeddings). We have a functor emb : A ÝÑ ApAq : a Þ Ñ pa Ð 0q .
Every object a P A can be canonically understood as embpaq " pa Ð 0q P ApAq. Whenever the distinction between these two objects is important, we will indeed use this distinguished notation. However, if there is no danger of confusion, we will not use this distinguished notation, in favour of a simplified notation. In the latter case it should always be clear from the context if we are using a P A or embpaq P ApAq. It is not necessarily the case that ApAq has kernels. Recall that a weak kernel of a morphism α : a Ñ b in A is a morphism ι : k Ñ a in A such that ι¨α " 0, and for any other morphism τ : t Ñ a with τ¨α " 0, there exists a not necessarily unique morphism λ : t Ñ k such that λ¨ι " τ .
Theorem 2.1.5 (Freyd [Fre66] is an isomorphism for all objects a i P A i , i ‰ k, and all morphisms α k P A k .
Notation. For any index set J, whenever we have a J-indexed family of elements pa j q jPJ , we use the abbreviation a J . We set n :" t1, . . . nu since we will often use this special index set. If we wish to evaluate F at a 1 , . . . , a n but with the j-th component substituted with the element b, we write F pa n´j ; bq :" F ppa i q iPn´j ; bq :" F pa 1 , . . . , a j´1 , b, a j`1 , . . . , a n q . 1 A category is small if its object class is a set.
Right exactness of a multilinear functor can be conveniently rephrased as follows. Proof. If we know that the sequence is exact for all tuples of morphisms, then evaluating at the special tuples
proves that F is right exact.
For the converse, we proceed by induction on n. The case n " 1 is trivial. For the induction step, let F be an pn`1q-ary multilinear right exact functor. We set A i :" cokerpα i q for i " 1, . . . , n`1. Moreover, we write F p´|xq for the n-ary right exact functor obtained by fixing the last component of F to a given object x P A n`1 . Now, the claim follows by a diagram chase using the following diagram whose top row is exact by induction hypothesis and whose columns are exact since F is right exact: 
Correctness of the construction. The diagram defining the action of p F on morphisms commutes by the functoriality of F and by the equation ρ a j¨α j " ω j¨ρb j . Moreover, p F defines a functor since taking cokernels of commutative squares is a functorial operation whose output does not depend on the morphism witnesses ω i .
Lemma 2.3.3. The functor p F described in Construction 2.3.2 is multilinear and right exact.
Proof. The multilinearity of p F follows from the multilinearity of F . In order to prove right exactness, we check the criterion stated in Lemma 2.2.2. Let pA i tα i u ÝÝÑ B i q iPn be a tuple of morphisms in ś iPn ApA i q. By Construction 2.1.4, the cokernel of each tα i u is given by
Now, a diagram chase proves that the top row of the following commutative diagram with exact columns is exact, which yields the claim.
be multilinear functors and let ν : F ÝÑ G be a natural transformation. We construct the components of a natural transformation
between p F and p G as the unique morphism which turns the following diagram into a commutative diagram with exact rows:
Correctness of the construction. The rectangle on the right hand side of the diagram defining p ν commutes since ν is a natural transformation. To show that the above data define a natural transformation, we have to verify that the following diagram commutes for all pA i
But this diagram commutes because it fits into a diagram of the form
in which all rectangles that involve outer nodes commute, and in which F pa n q Ñ p F pA n q is the epimorphism induced by Construction 2.3.2.
By the functoriality of the cokernel, it is easy to see that
for all composable natural transformations ν and µ between multilinear functors from ś iPn A i to B. Thus, due to Construction 2.3.2 and Construction 2.3.4, and Lemma 2.3.3 we have a well-defined functor
that will turn out to constitute one direction of the desired equivalence stated in Theorem 2.3.1. The other direction will simply be given by restriction: 
Proof. For a n P ś iPn A i , we obtain the desired natural isomorphism as
For A n P ś iPn ApA i q, we obtain the desired natural isomorphism as
In particular, Lemma 2.3.5 states that the functors F Þ Ñ p F and G Þ Ñ G| A I define an equivalence of categories, and thus, Theorem 2.3.1 holds.
Right exact monoidal structures on Freyd categories
3.1. Monoidal structures on Freyd categories. In this Subsection, we recall the standard notions of the theory of monoidal categories, but we will state the definitions within the context of Freyd categories. The reason is that this will simplify our explanation of f. p. promonoidal categories in the subsequent Subsection 3.2.
Notation. In this paper we frequently extend multilinear functors from ś iPI A i to ś iPI ApA i q and usually we reserve the symbol p to denote such an extension. However, in this very Subsection 3.1, we make an exception of this rule, and use symbols like p T , p Π, p Γ as variables that do not necessarily refer to such an extension. Again, the reason is a simplification of our explanation of f. p. promonoidal categories in the subsequent Subsection.
Monoidal structures.
Definition 3.1.1 (Semimonoidal structure). A semimonoidal structure on ApAq consist of the following data:
(1) A bilinear functor b p T : ApAqˆApAq Ñ ApAq (tensor product).
This data is subject to the condition that the following diagram commutes for all A, B, C, D P ApAq (pentagon identity):
Definition 3.1.2 (Monoidal structure). A monoidal structure on ApAq is a semimonoidal structure on ApAq together with (1) an object 1 P ApAq (tensor unit),
that the following diagram commutes for all A, B P ApAq (triangle identity):
3.1.2. Braided monoidal structures.
Definition 3.1.3 (Braided monoidal structure). A monoidal structure on ApAq together with a natural isomorphism p
for A, B P ApAq is called a braided monoidal structure if the following diagrams commute for all A, B, C P ApAq:
‚ compatibility with left-and right unitor
‚ hexagonal identity I:
‚ hexagonal identity II:
Definition 3.1.4 (Symmetric monoidal structure). A braided monoidal structure on ApAq with the property p Γ A,B " p Γ´1 B,A for A, B P ApAq is called a symmetric monoidal structure.
Internal hom structures.
Definition 3.1.5 (Internal hom structure). An internal hom structure on ApAq is a monoidal structure together with the following data:
(1) For every A P ApAq, an additive functor z HompA,´q :
This data is subject to the condition that
commute for all A, B P ApAq.
Remark 3.1.6. The conditions stated in Definition 3.1.5 are the triangle identities characterizing z coev and p ev as unit and counit of an adjunction´b p T B % z HompB,´q.
Remark 3.1.7. In this paper, we restrict our attention to right adjoints of the functorś b p T B, since the discussion of right adjoints of B b p T´i s similar. 3.2. F. p. promonoidal structures on additive categories. In this Subsection, we define our notion of f. p. promonoidal structures on additive categories A. In the subsequent Subsection 3.3 we will show that they lift to right exact monoidal structures on ApAq.
Notation. Let us emphasize that for the rest of this paper we use p to denote extensions of multilinear functors and natural transformations from ś iPn A i to ś iPn ApAq, as they were introduced in Section 2.3. For a given bilinear functor T p´,´q of any kind, we also use the infix notation p´b T´q .
F. p. promonoidal structures.
Definition 3.2.1 (F. p. prosemimonoidal structure). An f. p. prosemimonoidal structure on A consist of the following data:
(1) A bilinear functor T : AˆA Ñ ApAq (f. p. protensor product).
This data is subject to the condition that the following diagram commutes for all a, b, c, d P A (restricted pentagon identity):
Remark 3.2.2. Note that in order to write down the restricted pentagon identity, it is necessary to use the extended functor p T , since T pa, bq for a, b P A does not have to be an object in A (regarded as a full subcategory of ApAq, Remark 2.1.3). Moreover, let us point out the similarity between Equation (1) and Equation (8). Namely, the latter is obtained by evaluating the former only at objects of A. This is why we term Equation (8) the restriction of Equation (1) to A, and in a similar way, we will refer to restrictions of the triangle identity, hexagonal identities, etc.
Definition 3.2.3 (F. p. promonoidal structure). An f. p. promonoidal structure on A is an f. p. prosemimonoidal structure on A together with (1) an object 1 P ApAq (f. p. protensor unit),
such that the restriction of the triangle identity Equation (2) to A commutes.
F. p. braided promonoidal structures.
Definition 3.2.4 (F. p. braided promonoidal structure). An f. p. promonoidal structure on an additive category A together with a natural isomorphism Γ a,b :
braided promonoidal structure if the restrictions of Equation (3), Equation (4) and Equation (5) to A commute. Definition 3.2.5 (Symmetric f. p. promonoidal structure). An f. p. braided promonoidal structure on an additive category A with the property Γ a,b " Γ´1 b,a for all a, b P A is called a symmetric f. p. promonoidal structure.
F. p. prointernal hom.
Definition 3.2.6 (F. p. prointernal hom). An f. p. prointernal hom structure on ApAq is an f. p. promonoidal structure together with the following data:
(1) For every a P A, an additive functor Hompa,´q :
As usual, the extensions of these data to the Freyd category ApAq are denoted by z Hompa,´q, z coev´, a and p ev a,´, respectively. Baring this notation in mind, the data is moreover subject to the condition that the restrictions of Equation (6) and Equation (7) to A commute.
3.3. From f. p. promonoidal structures to right exact monoidal structures. In this Subsection, we describe how f. p. promonoidal structures on an additive category A give rise to right exact monoidal structures on ApAq. We fix an f. p. protensor product T : AˆA Ñ ApAq, and, as usual, denote its extension to ApAq by b p T . Whenever we refer to another promonoidal datum, like an f. p. proassociator, we do this w.r.t. T .
The proofs on how promonoidal data on A extend to monoidal data on ApAq all follow the same scheme: we check the defining identities by restricting to A and applying Theorem 2.3.1. Only the case of extending f. p. pre internal homs to internal homs is more involved, which is due to its contravariant first component. We need to compare the two isomorphisms 
Moreover, p Γ is symmetric if and only if the identity
holds for all a, b P A.
Again, for both proofs, we may use the same proof strategy as in Subsubsection 3.3.1. Proof. The unit and counit of the desired adjunction are given by z coev´, a and p ev a,´, since they satisfy Equation (6) and Equation (7) if and only if the restrictions of these equations are satisfied.
Thus, an f. p. prointernal hom structure yields right adjoints for tensoring with objects a P A. The next theorem provides a sufficient condition for the existence of right adjoints for tensoring with an arbitrary object A P ApAq. For the second step, we note that A having weak kernels implies ApAq being abelian by Theorem 2.1.5, so in particular, it has kernels. Moreover, by the naturality of z Hompρ a ,´q, the operation kerp z Hompρ a , Cqq is functorial. Last, we prove adjointness by the following chain of morphisms in which each step is natural in B, C P ApAq: 
Connection with Day convolution
In [Day70] , Day analyzes closed monoidal structures on functor categories in the context of enriched category theory. In this section, we compare Day's findings to the tensor products on Freyd categories described in this paper, since Freyd categories can be seen as subcategories of functor categories, see Theorem 2.1.6.
Introduction to Day convolution.
We start by shortly describing the theory of so-called Day convolutions in the additive context, i.e., in the context of Ab-enriched category theory.
Let A be a small additive category. For every given multilinear functor
the Day convolution of two functors F, G : A Ñ Ab w.r.t. P is given by the following coend 2 :
Since A is small and Ab cocomplete, this coend exists and defines a bilinear functoŕ˚P´:
HompA, AbqˆHompA, Abq Ñ HompA, Abq .
Fixing the right component, the resulting univariate functor p´˚P Gq always admits a right adjoint p´{Gq, given by the formula pF {Gq :"
Similarly, fixing the left component, the resulting univariate functor pF˚P´q always admits a right adjoint pF z´q, given by the formula pF zGq :"
These assertions are validated by the computations in the proof of Theorem 3.3 in [Day70] .
Since left adjoints commute with arbitrary colimits, we may conclude that p´˚P´q commutes in particular componentwise with cokernels. Moreover, if we evaluate p´˚P´q at representables h a :" Hom A pa,´q and h b :" Hom A pb,´q for a, b P A, we get
where we used the expansion of a double integral to an iterated integral and the co-Yoneda lemma 3 . In other words, the functor P prescribes the values of p´˚P´q on representables up to natural isomorphism. T . Moreover, T also defines a functor
where we interpret T pa, bq as an object in fppA, Abq to which we may apply c P A. 
as we have argued in Subsection 4.1.
Remark 4.2.2. In order to obtain a monoidal structure on HompA, Abq, Day defines in [Day70] premonoidal categories, a concept that he later renamed as promonoidal categories in [Day74] , where he also reformulated these categories in the language of profunctors. A promonoidal category A comes equipped with a multilinear functor P : A opˆAopˆA Ñ Ab, that, as we have seen, gives rise to a tensor product p´˚P´q on HompA, Abq. In order to have an associator for this tensor product, Day moreover requires a promonoidal category to be equipped with an isomorphism ż xPA P pa, b, xq b Z P px, c, dq
natural in a, b, c P A op and d P A satisfying a certain coherence relation that ensures this datum to correspond to an associator of p´˚P´q. We may rewrite the left hand side of this natural isomorphism as
and similarly for the right hand side, we get ż xPA P pb, c, xq
In other words, this additional datum can be interpreted as the restriction of an associator of˚P to its values on representables, which is exactly the idea behind the additional data for tensor products in Freyd categories that we gave in Subsection 3.2. Analogously, there are also additional data within the definition of a promonoidal category which can be interpreted as unitors restricted to representables.
Applications and examples
5.1. Examples in the category of finitely presented modules. For any ring R, we denote by R-fpmod the category of finitely presented left R-modules. Its full subcategory generated by the free modules R 1ˆn , n P N 0 is denoted by Rows R . Note that we have ApRows R q » R-fpmod (see [Pos17] ).
Example 5.1.1 (The necessity of prostructures). Let R be a commutative ring. Any finitely presented R-module M gives rise to a right exact bilinear functor
Moreover, the associator of b R defines an associator of T due to Mac Lane's coherence theorem [ML98] . In other words, R-fpmod gets the structure of a semimonoidal category with T as its tensor product. The restriction of the defining semimonoidal data to the subcategory Rows R defines a prosemimonoidal structure on Rows R (where we use the identification ApRows R q » R-fpmod) whose tensor product of two objects in Rows R lies outside of Rows R whenever M is not a row module.
Moreover, whenever we have a right adjoint HompA,´q of p´b R Aq in R-fpmod, e.g., when R is a coherent ring, then we can calculate
and see that HompM b R B,´q is right adjoint to T p´, Bq. Restricting this right adjoint functor to Rows R provides an example of a prointernal hom functor that in general does not map to Rows R .
Example 5.1.2 (Internal homs cannot always be extended). We give an example of a closed monoidal category A such that the induced monoidal structure on ApAq does not have an internal hom. By Theorem 3.3.8, it is necessary that such an A must not have weak kernels. To this end, we start by looking at the ring
It is easy to see that its kernel is generated by the classes of all x i , i P N and that this is not an f. p. object. Hence, the ring R is not coherent. Consequently, the additive category A " Rows R does not admit weak kernels either. However, it is a monoidal, symmetric and closed category by the usual tensor product b R of R-modules.
We will now prove that the induced tensor product on the Freyd category ApAq, which can be identified with the usual tensor product of R-modules in R-fpmod, does not admit a right adjoint. To see this, we first note that the R-module
is not finitely presented. Now assume, that there was an internal hom functor Hom R on R-fpmod, so in particular
or some matrix M P R bˆa . Then, by the tensor-hom-adjunction, we would have R-module morphisms
a contradiction to Equation (9). Proof by induction. The initial case A holds by assumption. Moreover, if X is a closed monoidal category with weak kernels and weak cokernels, then the same applies to X op . Next, ApXq always has cokernels, and it has kernels iff X has weak kernels. Last, we can lift the monoidal closed structure from X to ApXq by the results presented in Subsection 3.3. Free abelian categories are of interest in various parts of mathematics, e.g., for dealing with so-called pp-pairs in model theory [Pre09] . In [BHP18] , it is shown how to lift monoidal structures on A to free abelian categories as one step of introducing tensor products of Nori motives. Our findings in Section 3 yield the following result.
Theorem 5.3.1. Every promonoidal structure on ApA op q op extends to a monoidal structure on the free abelian category of A whose tensor product is componentwise right exact.
As a corollary, we also get an extension of a given monoidal structure on A to the free abelian category an thus recover the induced functor defined in [BHP18, Proposition 1.3] by applying the following steps:
(1) Take the induced monoidal structure on A op . Interpret it as an f. p. promonoidal structure. To extend the braiding Γ : T L ñ T R , we apply Construction 2.3.4. This shows that the component p Γ A,B can be constructed as the induced morphism between the cokernels of the horizontal arrows in the following diagram: 
